Abstract. Gear has been widely used in the modern industry, and the gear reliability is important to the driving system, which makes the residual fatigue life prediction for a gear crucial. In order to realize the residual fatigue life of the gear accurately, a hybrid approach based on the Paris law and particle filter is proposed in this paper. The Paris law is usually applied to predict the residual fatigue life, and accurate model parameters allow a more realistic prediction. Therefore, a particle filtering model is utilized to assess both model parameters and gear crack size simultaneously. As a data-driven method, particle filter describes the dynamical behavior of model parameters updating and gear crack growth, whereas the Paris law, as a model-based method, characterizes the gear's crack growth according to the physical properties. The integration of the Paris law and particle filter is proposed as a hybrid approach, which is suitable for nonlinear and non-Gaussian systems, and can update the parameters online and make full use of the prior information. Finally, case studies performed on gear tests indicate that the proposed approach is effective in tracking the degradation of gear and accurately predicts the residual gear fatigue life.
Introduction
Gear is one of the key components in a driving system, and it has been widely used in the modern industry. The gear reliability is important to the system safety, and it is necessary to investigate the allowable crack size present in the gear to avoid a sudden system failure [1] . Therefore, it is important to estimate the useful gear fatigue life within the shortest times, that is helpful for monitoring health conditions of machines and estimating whether the machines can accomplish the routine task or not [2] .
Currently, machine prediction approaches can roughly be categorized into model-based and data-driven approaches [3] . The Paris law is a widely used model-based prognostic approach, and it has been proven that gear crack-growth rates follow it [4] . In addition, fatigue life prediction models in most literature sources are based on the traditional Paris law and are usually established based on monitoring and estimation of well-known direct damage indicators such as a crack size [5] . Therefore, the fatigue life prediction based on the Paris law has received considerable attention in recent years [6] [7] [8] [9] [10] , and it has been applied to a range of applications, including axial flow compressors [1] , girth gear-pinion assembly [11] , ball bearings [2] , and interfacial cracked plate [12] . However, it is hard to acquire real-time data of crack lengths and flaw sizes without interrupting the machine operation and model parameters which have an effect on the model behavior are often unknown and need to be identified as a part of the prediction process. In order to realize the fatigue life prediction based on the Paris law, a variety of improved methods are proposed. Dong Xu, et al. [2] proposed two improved Paris models based on the intrinsic mode function (IMF) involving the fault characteristic frequency which has a consistent trend with the diameter of flaws. Yuning Qian, et al. [13] integrated enhanced phase space warping with a Paris crack growth model to propose a multi-time scale approach for bearing defect tracking and residual useful life prediction. Ben Abdessalem, et al [14] predicted the fatigue crack growth by a Markov process associated with deterministic crack laws, which provide a reliable prediction and can be an efficient tool for a safety analysis of structures in a large variety of engineering applications.
The Paris model depends on its parameters for accurate prediction of the fatigue life. Many contributions for the parameter estimation of Paris law have been presented in the published literatures. In most cases, the Paris law parameters can be derived from fracture mechanics tests [15] , however, the crack growth in structures depends on many factors, such as the amplitude, stress ratio, or frequency of the load, which are difficult to be estimated correctly. The extended Kalman filter (EKF) is proposed as an estimation method for the parameters identification of Paris law which is used as fatigue-crack-length growth model under loading cycles [16] . However, it is different to realize the parameters when it comes to nonlinear situation. Particle filter is widely used in the engineering, and it is especially suitable for processing the nonlinear and non-Gaussian systems [5, 17, 18] . Hence, we take the particle filtering technique as an inference method inside the dynamic Bayesian network to assess both model parameters and damage states simultaneously.
In this paper, a hybrid approach based on the Paris law and particle filter is proposed to predict the residual gear fatigue life with prior crack growth information, which considers the gear fracture mechanics and makes full use of the prior information to improve the prediction performance. First, the gear degradation process is described by the Paris law. Then, the PF model is proposed as an estimation method for the parameters identification. As a result, the integration of data-driven approach and model-based approach is used for the residual fatigue life prediction, which makes full use of the advantages of two approaches and makes the prediction more accurate.
The rest of this paper is organized as follows. In Section 2, the Paris law and particle filter are introduced separately. In Section 3, the residual fatigue life prediction based on hybrid approach is proposed, and the particle filter is proposed to update the unknown parameters of Paris model. Then, the implementation steps of the hybrid prediction approach are discussed. In Section 4, a test of the gear crack growth is used to prove the proposed method. Finally, the conclusions are drawn in Section 5.
Introduction of Paris law and PF model

Short overview of Paris law
In 1963, Paris, et al [19] proposed the Paris law based on fracture mechanics, which can reflect the failure mechanism of materials and is usually applied as a method to predict fatigue life or residual fatigue life. The stress intensity factor (SIF) plays a key role in the process of the fatigue crack propagation, and a number of tests are carried out to study the influence for crack propagation. It has been found that for the first loading mode the SIF increases along with the increase of the crack depth and for the second loading mode the SIF decreases along with the increase of the crack depth. The crack propagation rate ⁄ measured was similar with the SIF amplitude variation. Based on the above, the Paris law for the fatigue crack propagation under the constant amplitude loading was proposed:
where represents the crack size, represents the number of stress cycles, ∆ is the range of the stress intensity factor, ∆ is the stress range, and are the parameters of the Paris law which are usually determined by material constants.
Particle filter model
The particle filter employs the Monte Carlo simulation of a state dynamic model and Bayesian estimation for estimating the posterior probability density function (PDF) of the state. Therefore, the method is an effective tool for nonlinear and non-Gaussian systems. The state equation and measurement equation of particle filter are expressed as follows [20] :
where is the damage state to be estimated, is the time step index, is a vector of model parameters, is the measurement data, and are process and measurement noise, respectively. and ℎ represent the known process and observation functions, respectively.
The probability density function of the update unknown parameters can be obtained based on the following Bayes' theorem:
where Θ is a set of the unknown parameters, is a vector of monitoring data, Θ is the prior PDF of parameters, Θ| is the posterior PDF of parameters based on the observations and |Θ is the likelihood based on the given parameters Θ . When the initial PDF of the parameters is given, in order to obtain the posterior probability density function | : of the unknown parameters, the state equation is defined as [21] :
where the notation 0: − 1 means a set of parameters from cycles 0 to − 1. The new observations are collected at time . According to the Bayesian rule, the posterior probability density for unknown parameters updates over time, so posterior probability distribution of the current parameters is obtained [21] :
where
| is a constant. Above is the prediction process and update process for parameters of Paris model. In this paper, we utilize the Bayesian filtering and Monte Carlo algorithm to obtain the parameters updating.
Assuming that update observations : are known, the posterior probability density of parameters : can be expressed as follows [21] :
where ⋅ is the Dirac delta measure, : is the priori vectors for parameters, : is a set of vectors for parameters at cycles from 0 to k and : | : is the priori probability density function. If we get the real posterior probability density function : | : , Eq. (6) can be calculated according to Eq. (7) [21] :
where : , = 1,2. . . , are independent random samples sampling from : | : , is the number of samples sampling from : | : . In the calculation process, : | : are multi-type and non-standard. Therefore, it is difficult to obtain the result. In order to calculate the posterior probability density function of parameters for Paris model, the importance function sampling method is proposed in this paper. In this way, we can obtain the PDF distribution : | : based on importance sampling for : | : , which has the same distribution with the : | : . Therefore, Eq. (7) can be transformed as follows [21] , and the probability distribution : | : can be expressed as follows: 
Hybrid prediction approach for gear
Improved Paris law based on PF
In order to make full use of the advantages of data-driven method and model-based method, the integration of Paris law and PF model is proposed in this paper. The approach considers both the gear degradation process, and the prior information, which can describe the gear degradation process based on a simple model and improve the residual fatigue life prediction accuracy based on the prior information, which is the measured gear crack size as shown in Table 1 . Based on the introduction of Paris law and PF model above, the state transition equation function for the Paris law is established, which is shown as follows:
The model parameters and as well as the degradation state are estimated using the gear crack growth information under constant amplitude loading.
When the state transition equation and crack growth prior information are defined, the parameters and over time can be estimated based on the PF model. Moreover, we can estimate the parameters online when new gear crack growth information is added. In this paper, the parameters of the improved Paris law are obtained by maximum likelihood estimation, and the likelihood function is shown as follows:
where = ln 1 + , and = ln , − 1 2 .
Implementation steps of hybrid prediction approach
In the prediction strategy process, the integration of the Paris model and particle filter is proposed to predict the residual fatigue life of the gear with prior crack growth information. The implementation steps of the proposed approach are shown as Fig. 1 . The steps are described as follows:
Step 1. Decide the model-based prognostics method according to the object of study and raw measurement data. We choose the Paris law as the model-based method in this paper.
Step 2. Define the parameters which characterize the damage behavior. The model parameters which have an effect on the model behavior are often unknown and need to be identified in the prediction process.
Step 3. PF is employed to update the parameters as the data-driven model when new observations appear.
Step 4. If there is a new observation, go back to Step 3, or else go to Step 5.
Step 5. The residual fatigue life at the current time can be obtained based on the updated parameters of the Paris law.
The proposed hybrid approach considers the model-based prognostics and data-driven model at the same time, which can improve the prediction performance. 
Case studies and discussion
Gear crack growth test
In order to verify the proposed method in this paper, a gear crack growth test is taken as an example to predict the residual fatigue life. As shown in Fig. 2 , there is a through-the-thickness crack on the gear. The crack size is measured at every 50 cycles under the loading condition ∆ = 78 MPa, which is shown in Table 1 , and the critical threshold of the crack size is 0.0463 m. The actual fatigue life is 2500 cycles. All the original data is taken from Ref [20] . In the current paper, we establish the model based on the crack size, not considering the relationship between the gear crack and condition monitoring data, such as vibration and temperature. Firstly, the true crack size data are generated according to Eq. (10). The measured crack size data are then generated by multiplying noise, which is lognormally distributed with standard deviation of 0.001/ (m). Actually, it has been shown that the distribution of crack size follows a lognormal distribution [22] . 
Degradation process and parameters updating
As shown in Fig. 3 , the measured crack size increases gradually over cycles, which means that the trend of the gear degradation. It is assumed that the standard deviation of measurement is known. Also, the initial distribution of the parameters and the likelihood function are, respectively, normal and lognormal distributions, which are as follows: ~ (0.01, (5×10 . (10) .
The gear degradation in the future can be predicted, and the predicted crack size is shown in Table 2 . Moreover, the gear crack growth is shown in Fig. 4 , and we can tell that the gear is close to failure at 2500 cycles according to the failure threshold, which is fit with the actual residual life of the gear. While the gear degradation process is predicted based on the PF model, the parameters of Paris model are updated simultaneously. When the gear crack size in the future is predicted, we can update the model parameters based on the new obtained crack size data. Taking the parameters estimation at 1200 cycles and 1500 cycles as examples, initial value = 3.8, = 1.5×10 -10 and historical data are both generated based on PF to get the best estimation for the gear degradation state (  ,  ,  ) and ( , , ), which are shown in Fig. 5 and Fig. 6 , and the model parameters are convergent to the optimum value quickly. According to the gear crack size and the model parameters, we can estimate the residual fatigue life at the current time. 
Prediction results and discussion
The process of residual fatigue life prediction is shown in Fig. 7 . Firstly, the prediction model needs to be defined based on the investigated object, and the model parameters are obtained according to the prior information, which has been finished in section 4.2. However, we can only get a lower accuracy result based on the model. Therefore, new monitoring information is added to the predicted process, and posterior parameters of the model can be obtained, which can improve the accuracy and update the parameters online. Finally, the residual fatigue life can be obtained according to the given failure threshold. The model parameters are given at 1200 cycles and 1500 cycles as mentioned above. Consequently, the residual fatigue life distribution is shown in Fig. 8 and Fig. 9 respectively, which takes = 5000 particles in every simulation. According to the residual fatigue life distribution and the result of the residual fatigue life at the current time, we can obtain the probability density function, which is more suitable for describing the gear residual fatigue life.
Taking the calculation process above repeated, then the gear residual fatigue life can be obtained over time gradually. The gear residual fatigue life and 90 % confidence interval at a different time can be calculated based on the model when the parameters and failure threshold are given as shown in Table 3 . The probability density function of the gear residual fatigue life is shown in Fig. 10 , and the red curve and green curve represents the predicted mean residual fatigue life and actual residual fatigue life, respectively. The variances of the probability density function are smaller over cycles with more monitored and predicted crack size data is used during the prediction process, and it means that the prediction results are more and more accurate. 1200  1350  1300  1000  1750  1500  1000  1000  800  1200  1800  650  700  550  850  2100  400  400  300  500  2400  150  100 The residual fatigue life(cycles) The monitoring time(cycles)
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The predicted residual fatigue life and actual fatigue life are compared as shown in Fig. 11 . The predicted results are closer to the actual residual gear fatigue life with the increase of monitored data. The gear degradation process allows to the Paris law, and the model parameters are updated by the PF, which can make full use of both the prior information of gear crack, and the posterior information. However, we only study the residual fatigue life prediction under the constant amplitude loading, and the case under variable amplitude loading needs a further study. The results errors are caused by the monitoring information errors and the randomness of the proposed model, however, the model accuracy satisfies with the most working condition. In addition, when the gear is close to a failure, the error is much bigger, which is caused by the change of the mechanical properties. 
Conclusions
A hybrid residual fatigue life prediction approach based on the PF model and Paris law is proposed in this paper. Firstly, the Paris law is utilized to describe the crack growth of the gear. Then, the parameters of Paris law are updated and the gear degradation in the future are predicted based on the PF model. Compared with the failure threshold of the gear, the residual fatigue life can be obtained. The main findings are as follows.
1) The Paris law can describe the gear crack growth process, and it is suitable to predict the residual gear fatigue life.
2) The improved Paris law utilizes the particle filtering to assess both model parameters and gear crack size simultaneously that is especially suitable for processing the nonlinear and non-Gaussian systems. In this way, we can update the parameters online and make full use of the prior information.
3) The integration of data-driven approach and model-based approach for residual fatigue life prediction can be used to improve the prediction performance, which provides a new way to predict the residual fatigue life.
Xin Liu received a Master degree in the Mechanical Engineering College, Shijiazhuang, China, in 2014. Now he is a doctor graduate student in the Mechanical Engineering College. His current research interests include signal processing, condition based maintenance (CBM) and reliability theory.
Yunxian Jia received a Doctor degree in the Mechanical Engineering College, Shijiazhuang, China, in 1998. Now he is a Professor in the Mechanical Engineering College. His current research interests include condition based maintenance (CBM) and reliability theory.
Zewen He received a Master degree in the Mechanical Engineering College, Shijiazhuang, China, in 2015. Now he is an engineer in the Bureau of Beijing Military Representation. His current research interests include outcome-based maintenance and contract evaluation and optimization.
Lei Sun received a doctor degree in the Mechanical Engineering College, Shijiazhuang, China, in 2014. Now he is an assistant researcher in the Army Aviation Institute. His current research interests include condition based maintenance (CBM) and helicopter reliability theory.
